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ABSTRACT

Laminar boundary-layer heat transfer from a singly-ionized mona-
tomic gas to a highly cooled wall, with no applied external electric or
magnetic fields, is analyzed by the similarity solution approach. The gas
is assumed to be electrically neutral with ambipolar diffusion by ion-
electron pairs. In addition, equal electron and atom-ion temperatures
are assumed, and sheath effects are not considered. From existing per-
fect gas similarity solutions, the number of parameters that need to be
investigated is reduced to those directly related to ionization effects.
Solutions for the limiting cases of a large diffusion rate compared to the
net production rate of ions, and for local equilibrium, are obtained for
constant Prandtl number and a range of Lewis numbers. An approxi-
mate prediction method is then suggested to account for variable free-
stream velocity and ionization effects in a flow over a highly cooled wall.

Do,

I. INTRODUCTION
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This analytical study is concerned with the effect of
ionization on laminar boundary-layer heat transfer from
a steady flow of a singly-ionized monatomic gas to a highly
cooled wall with no applied external electric or magnetic
fields. A treatment of the problem entails a knowledge of
the thermodynamic state of the gas, reaction rates and
transport properties in addition to accounting for the
effects of variable free-stream velocity, range of flow
speeds and variable properties across the boundary layer
as a result of relatively large differences between the
free-stream and cooled-wall temperatures.

Previous investigations which are subsequently de-
scribed have been concerned primarily with stagnation

point heat transfer. To treat the more general case of
flow over arbitrary surfaces the similarity approach, of
various methods used in laminar boundary layer analyses,
appears advantageous in determining the important
parameters. Lees (Ref. 1) has pointed out the useful-
ness of similarity solutions applied on a local basis
to predict heat transfer to cooled walls from variable-
free-stream velocity flows of dissociated gases. In treat-
ing ionization effects, the analysis follows the theory
of Fay and Kemp (Ref. 2). The gas consisting of atoms,
ions and electrons, all assumed at the same tempera-
ture, is taken to be electrically neutral with ambipolar
diffusion by ion-electron pairs. In the analysis, though
not restricted to a particular monatomic gas, special con-
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sideration is given to argon because of its use in many
studies.

Although, as expected, the conditions for which simi-
larity solutions are possible are rather limited, the similar-
ity approach does indicate the various parameters on
which the heat transfer to the wall is dependent: free-
stream conditions as described by free-stream velocity
and ion concentration gradient parameters; wall bound-
ary conditions; net ion production rate; transport prop-
erties as they appear in the Prandtl and Lewis numbers
and density-viscosity product; and kinetic to total energy
and ionization to total energy fractions. The similarity
approach is useful in conjunction with existing perfect gas
similarity solutions in considering a simpler flow in which
there are no free-stream velocity and free-stream ion
concentration-gradients, and low speed flow is assumed.
Prandtl and Lewis numbers are assumed constant across
the boundary layer and a range of Lewis numbers is
investigated. Because of the scarcity of recombination
rate data over a large temperature range, extending down
to a highly cooled wall value like 350°K, two limiting
cases are considered: in one the diffusion rate in the
boundary layer is assumed large compared to the net
production rate of ions (sometimes referred to as frozen
flow), and in the other the boundary layer is assumed
to be in local equilibrium. The gas at the cooled
wall is assumed in equilibrium. Finally, an approximate
prediction method is presented which incorporates the
simpler flow predictions to account for ionization effects
into existing perfect gas similarity solutions which include
variable free-stream velocity and highly cooled wall
effects.

Specific attention is devoted to the correspondence
between a partially jonized monatomic gas and a partially

dissociated diatomic gas as has been eluded to by other
investigators, e.g., Reilly (Ref. 3), and Rutowski and Ber-
shader (Ref. 4). However, as was noted in a review by
Ludwig and Heil (Ref. 5) in 1960, no quantitative studies
of ionization effects have been made which would allow
a direct comparison to a dissociated diatomic gas.
In this connection, Talbot’s theory of the stagnation-point
Langmuir probe (Ref. 6) should be mentioned, but only
frozen flow was considered in treating a partially ionized
monatomic gas. A later analysis by Park (Ref. 7) for
partially-ionized argon has been made for the limiting
cases of frozen and equilibrium flow over a flat plate
and at an axisymmetric stagnation point. However, by
choosing the binary mixture as heavy particles, ie.,
atoms and ions, and electrons, a comparison to predictions
from the ambipolar model is difficult. Finson and Kemp
(Ref. 8) recently extended the theory of Fay and Kemp
(Ref. 2) to stagnation-point heat transfer and found fair
agreement with the measurements of Rutowski and
Bershader (Ref. 4) and Reilly (Ref. 3).

Non-equilibrium effects such as unequal electron and
atom—ion temperature and non-equilibrium conditions at
the edge of the boundary layer and at the wall are not
considered; in addition, radiation and a molecular de-
scription of the plasma in a sheath region next to a cooled
wall where electrical effects become important, are not
included. The sheath thickness, which is of the order
of a Debye length, is assumed to be negligibly small
compared to the boundary-layer thickness. The impor-
tance of these effects has been investigated to a small
extent in a boundary layer flow. In particular, Camac
and Kemp (Ref. 9) found the effects of finite recombi-
nation rates, lack of equilibriation between electron and
atom—ion temperatures and the sheath region on the pre-
dicted transient heat transfer to the end wall behind a
reflected shock wave in a shock tube to be small.
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fl. SIMILARITY CONSIDERATIONS

For axisymmetric flow of a partially ionized gas with
no applied external electric or magnetic fields the lami-
nar boundary layer equations, in which both the velocity
and thermal layer thicknesses are small compared to
either the body radius r for an external flow or the chan-
nel radius for an internal flow, are as follows:

Continuity equation:
_a_(uz)+ ’i(v)-o (1)
ex P T r oy Pe =

with [ = 1 for axisymmetric flow.

Momentum equation:

aH[ aHt 0 0 u’
e Ty T ay[_qc_q“+”6y(2)]

Conservation equation for each species:
Bci 8ci 0
£ &L 2 _ v, . 4
pu ox + pv ay ay( pi 1) + w; ( )

By taking I = 0 in Eq. (1) the analysis is applicable to
flow over a plane surface. For an electrically neutral,
singly ionized, monatomic gas consisting of atoms, ions
and electrons, all at the same temperature, the equi-
librium thermodynamic relations and mass and energy
fluxes are as follows:

Equation of state:
p = (1+ ¢) pRT ()

Enthalpy, including the ionization energy cl:

5
HZECiH,':—z_R(l'i_CI)T_*"C]I (6)

Diffusive mass flux of ions p,V, for ambipolar diffusion
by ion—electron pairs (Fick’s law):

cc
PIVI = - PDam '@L (7)

Conductive heat flux:

5
__ 3T _ _kleH oqw _<HERT e
9="%% 7~ Tl oy g\ 2 T /) oy
(8)

where 5
EP = 'E' R(l + C])

Diffusive energy flux:

5
?RT dc
qa=3pc;ViH; = —pDgn\ 1 + ——— I—= (9)

These relations including intermediate steps leading to
some of the final forms are discussed in Appendixes A
and B. Since these relations are conveniently expressed
in terms of the ion mass fraction, ¢;, we need only con-
sider the ion conservation equation in conjunction with
the continuity, momentum and energy equations. The
ion mass fraction is also the fraction of atoms ionized
which usually appears in the literature as «. By intro-
ducing the Prandtl and Lewis numbers defined by

— pDamCy

pr=122 ; Le k (10)

the energy and ion conservation equations are

oM, oH, _af. oM, (. 1\o(w
P TPy T oy Pr ooy H Pr Joy\ 2
\ < —gRT o
I
e (Le =D\ 1+ =— |1
(11)

ocy oc; @ Le oc;
P TPy T ay[“Pr ay]+“” (12)
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Note that in the Prandtl and Lewis numbers k is the
thermal conductivity that a chemically frozen mixture
would have if no chemical reactions took place. In the
literature it is often referred to as the frozen or transla-
tional value. The ratio (Pr/Le) = (v/Dan) is also referred
to as the Schmidt number.

With the specification of the net production rate of
ions per unit volume, w,, transport properties and bound-
ary conditions, Eq. (1, 2, 11 and 12) constitute a system
of coupled equations for the velocity, enthalpy and ion
mass fraction distributions. These equations are identical
in form to those for a partially dissociated diatomic gas
except for the following: in the energy Eq. (11) the

expression
5
( ERT >
1+ I
I

in the third term on the right side is replaced by

JS(cp, — ¢p,)dT + HY
¢, in Eq. (8) is replaced by
Cy =i (cp, — €p,) T Cp,

and the ambipolar diffusion coefficient is replaced by
the binary diffusion coefficient (e.g, see Lees, Ref. 1). In
these expressions the subscripts 1 and 2 refer to atoms and
molecules respectively, and H” is the heat of formation
of atoms.

In the similarity solution approach the velocity, total
enthalpy and ion mass fraction distributions normalized
to their free-stream values are assumed similar in terms
of a new coordinate 5 normal to the surface which for
low speed constant property flow over a flat plate is
merely the ratio y,/8. For variable property flow over an
arbitrary surface this new coordinate accounts to some
extent for property variation across the boundary layer
and variable free-stream conditions along the surface.
By combining the Levy transformation with the Mangler
transformation for axisymmetric flows as was done by

_ . Mw a_"] " . Clel
qrw qew + qaw = Pr<8y >w H!o {éw + [(LC 1)( Hto

Lees the y,x coordinates are related to the new coordi-
nates, 7, ¢ by

ru, [V < ,
":Wﬂ pdy; $=[) pepretter*! dx (13)

Assuming the profiles are similar in terms of 4, ie.,

H, Cy

= f g =g o =u)

and that H,, = H,, = constant, the momentum, energy

and ion conservation Eq. (2, 11, 12) respectively are trans-
formed to

©Fy +i + | Ly | =0 (49
(€ ov Cinemn(8h)a - oe]
+fg + 2—;‘1%[20(1 — %) f’f”:l’ -0 (15

(cfiz;)' i — T <%>=o (16)

Pr u.cre dé/dx

where

c_ b g du  _2%de, 2N
“Pe;U-c’ ~ue d'f, -cle’ dg,e I

The primes denote differentiation with respect to 5. The
cooled wall is assumed at a specified temperature so
that with the pressure distribution specified, the enthalpy
and ion mass fraction are known if the gas is assumed
to be in equilibrium at the wall. For a sheath region of
negligible thickness, the boundary conditions are as
follows:

f(0)=1(0) =0, g(0) = guw(4), 2(0) =210 (§) atn =0
(17)

=1 gm)->1 z(n)—>1as n—>

The total heat flux to the wall is

)i

_ ! Me PwMw i g:U
= (Huo = Huo) (peti) [ (%)‘”‘]( Pette >[ Pr (1 - gw> +

e G ()] o




Similarity solutions of Eq. (14, 15, and 16) are only
possible for rather stringent requirements which involve
both the wall and free-stream conditions, the net ion
production rate, and transport properties. In a formal
manner, these requirements are as follows:

1. g, = constant

2. z.p = constant

3. B [% — (f’)2:| independent of £

4. T = ( 2 ) < d;g) independent of £

Cre
2¢ 1 w0\
5 () () (2) et
6.C= PPZ = C (y), or a constant

7. Either Pr = Pr(y), or a constant

2
2?; - 0, low speed flow limit
either to
and 2?; — 1, high speed flow limit
to
us
Or g = constant fg=0
to
or Pr=1

8. Either Le = Le (»), or a constant

el
Sie” 0, un-ionized limit
either to
"4
and Z— — 1, fully ionized limit
to
crel _ . _
H. constantif T =0
orle=1
5
> RT
9 = i independent of £or e < < 1
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Though the majority of these requirements would not be
satisfied for flow over arbitrary surfaces, it is useful to
discuss them and ascertain what simplifying assumptions
might be appropriate to appraise the importance of ion-
ization effects. Though some of these requirements are
interrelated, for the purpose of this discussion they can
be treated separately.

A. Wall-Boundary Conditions

Since a constant wall temperature can nearly be real-
ized in practice by wall cooling, the requirement g,, = con-
stant is satisfied. The gas is assumed to be in equilibrium
at the wall, i.e., the metal wall is assumed to be a perfect
catalyst. If the static pressure is constant along the sur-
face, then from the equilibrium composition relation
Eq. (A-4), the requirement z,, = constant is also satis-
fied. Alternately for a cold wall where the ion mass frac-
tion is vanishingly small, the static pressure need not be
constant to satisfy Requirement 2. As mentioned previ-
ously, wall sheath effects are not considered and elec-
trical neutrality is assumed throughout the boundary
layer.

B. Free-Stream Conditions

By using Eq. (5) and (6) the group in Requirement 3
involving the free-stream velocity gradient parameter g8
can be rewritten as

o[- or )= Fle i+ 1y - (50}

where

18 (Hto/He)

B=
- ) (5

When the free-stream ionization energy fraction ¢;.I/H;,
is negligible, the parameter ﬁreduces to the parameter
of Back and Witte (Ref. 10), in which g/, was found not
to vary appreciably with g for accelerated flows (8 > 0)
even as §—> w; e.g., for a highly cooled wall, g, ~0,
the effect of infinite flow acceleration was to increase g,
about 25% above the zero free-stream velocity gradient
value. Thus, even with ionization where values of ',(?
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would exceed B, the effect on heat transfer would not
be appreciable.

The importance of the free-stream ion concentration
gradient parameter T is more difficult to determine. A
limiting case is that for which the free-stream ion mass
fraction is assumed constant (frozen flow) so that T =0
and c¢,.I/H,, remains constant at its initial value. This
would correspond to the largest driving potential and
thus, diffusive energy flux to a cooled wall from an ac-
celerated flow (B > 0) where the free-stream ion mass
fraction for isentropic flow of a gas in equilibrium dimin-
ishes in the flow direction (e.g., see Witte, Ref. 11). How-
ever, as will be seen in Section III-A, the predicted
conductive heat flux, which is essentially independent of
Lewis number, diminishes with ¢,.I/H,,. The net effect
of these opposing trends on the predicted total heat flux
is dependent on the Lewis number. For Lewis numbers
less than unity, the predicted total heat flux would be less
for the larger free-stream ionization energy fraction, as
can be seen in Fig. 1; conversely, for Lewis numbers
greater than unity, the predicted total heat flux would
be higher. Thus, for accelerated flows over cooled walls,
solutions with T = 0 place a lower limit on the predicted
total heat flux for Le < 1 and an upper limit for Le > 1.
Thesc trends would be reversed for decelerated flows
(8 < 0) since then the free-stream ion mass fraction for
isentropic flow of a gas in equilibrium would increase
in the flow direction.

C. Net lon Production Rate

Rather than specifying the net ion production rate w,
in the boundary layer, which requires both a knowledge
of the ionization and recombination processes and how
the rates, in particular the recombination rate, vary
over the temperature range of interest, two limiting cases
can be considered. These correspond to assumptions that
(1) the net ion production rate in the boundary layer
is negligible compared to the diffusion rate across the
boundary layer, or that (2) the rates are sufficiently large
so that equilibrium exists. For the equilibrium case the
ion conservation Eq. (16) is replaced by the equilibrium
relation Eq. (A-4).

D. Transport Property Dependence

Requirements 6-8 depend on the variation of the trans-
port properties k, y, and D,,, with temperature and also

on composition when the gas is partially ionized. A few
methods are described in Appendix C from which pre-
dictions of these properties have been made. In particu-
lar, Fig. 2 and 3 show predicted values of thermal
conductivity and viscosity, respectively, for argon at a
pressure of 0.1 atm. Shown in Fig. 4 are predicted values
of C, Pr and Le over a wall to free-stream temperature
range from 350 to 12,000°K. Of these terms the one that
varies the most over this temperature range is C. For
temperatures up to about 8000°K, C diminishes from its
wall value like C = (T./T)*-* since pa (1/T) and paT®;
for atomic argon, v = 0.75. For temperatures above about
8000°K the predicted rapid reduction in p as indicated
in Fig. 3 augments the decrease of C with temperature.

An estimate of the effect of C varying across the bound-
ary layer was made by Back and Witte (Ref. 10) from
the stagnation point heat transfer predictions of Bade
(Ref. 12) for a high temperature unionized monatomic
gas with the variation of C taken into account. Bade’s
heat transfer predictions were found to be nearly ap-
proximated by taking C equal to unity in the boundary
layer equations and setting pupw = pepe in the heat flux
expression. This approximation was previously employed
by Lees (Ref. 1). To provide better agreement between
the approximate method and Bade’s values, in particular
for highly cooled walls g,,~ 0, a small correction factor
(pwopo/pepe) *' can be applied; this same factor appears
in the Fay and Riddell analysis (Ref. 13). These observa-
tions indicate that taking C =1 in the boundary layer
equations and then correcting the wall heat flux predic-
tion by the factor (pwmw/pepe)®! for accelerated flows
over highly cooled walls might be a reasonable approxi-
mation with ionization effects. Even though the variation
of C across the boundary layer is larger, the predicted
heat flux is rather insensitive to the magnitude of the C
variation. This is indicated by the small exponent in the
correction factor. For decelerated perfect gas flows
the effect of variable C has not been studied for highly
cooled walls so that the correction factor may not apply.

For flow over an arbitrary surface, C varies along the
surface as well as across the boundary layer. Though
Requirement 6 is not satisfied, the relatively weak de-
pendence of the predicted heat flux on the variation of C
would be even less, since the magnitude of the varia-
tion of C across the boundary layer would decrease in
the flow direction for an accelerated flow over a cooled
wall.
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DENSITY VISCOSITY PRODUCT RATIO

PRANDTL AND LEWIS NUMBER

PARAMETERS €, A AND ION MASS FRACTION ¢,

i0

In view of analytical predictions of the transport properties in the Prandtl and
Lewis numbers at high temperatures where ionization effects become important,
discussed in Appendix C, it seems compatible with our present knowledge to take
the Prandtl and Lewis numbers constant across the boundary layer. The refine-
ment afforded by including the actual variation of the Prandtl and Lewis numbers
may be made as good transport property measurements become available. Also,
as shown in Fig. 5 for argon, the parameter ¢ is small compared to unity over the
temperature range of interest so that Requirement 9 is nearly satisfied.
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temperature of 12,000°K
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fraction ¢; with temperature for argon at a pressure
of 0.1 atm




JPL TECHNICAL REPORT NO. 32-867

. IONIZATION EFFECTS ON HEAT TRANSFER FROM A LOW SPEED FLOW
WITH CONSTANT FREE-STREAM VELOCITY

To investigate the importance of ionization effects on
the total heat flux the previous observations are helpful
in determining appropriate simplifications. Since the ef-
fect of flow acceleration would not be appreciable as
discussed in Section II-B, the free-stream velocity gradi-
ent parameter 8 is taken equal to zero. As a consequence
it can be shown that the free-stream ion concentration
gradient parameter T is also zero which implies that the
free-stream ionization energy fraction c,I/H;, = con-
stant. These conditions are satisfied exactly for external
longitudinal flow along a cylinder and approximately for
flow in the entrance region of a circular tube where the
boundary layer thickness is small compared to the tube
radius. The counterpart in plane flow by taking [ =0 is
flow over a flat plate. For an isothermal wall the surface
conditions are g,, = constant and z;, = constant. Further
it is assumed that C = 1 and Le = constant, but not re-
stricted to unity. A correction for C variable, discussed
previously, is made later. To retain a dependence on both
the Prandtl and Lewis numbers since they appear in
both the energy and ion conservation Egs. (15 and 16)
the Prandt]l number is taken as a constant, but not equal
to unity, and low speed flow is assumed u2/2H,,— 0 so
that the term in Eq. (15) involving u2/2H,, is zero. Two
limiting cases are considered: (1) the diffusion rate is
assumed large compared to the net ion production rate,
w;, and (2) the boundary layer is considered to be in
local equilibrium. Since : < < 1, ¢ is neglected compared
to 1 in the first case; however, in the second case it is
included for the reason discussed in Section III-B.

With the preceding assumptions the transformed
Eq. (14-16) reduce to the following:

1. Diffusion rate large compared to the net production
rate of ions:

f’,/ + ﬁll o 0 (19)
1l
g+ )= a-La(f )7 @
P
2z’ + To fzi =0 (21)

2. Local equilibrium:
prefr=0 ()
{1 +(Le—1)A] g} + Pr(fg) =0 (23)

in which

*:[H%(lis): c,(ll—-c,)]l

For the equilibrium case the ion conservation equation
is not needed and in Appendix B, Eq. (23) is derived
by expressing the ion concentration gradient in terms of
the enthalpy gradient. The boundary conditions for both
limiting cases are given by Eq. (17) with g, = constant
and z;, = constant.

A. Solution for Diffusion Rate Large Compared to
the Net lon Production Rate

The solution of Egs. (20) and (21) is accomplished with
f known from the Blasius solution of Eq. (19) (Ref. 14).
The dimensionless enthalpy and ion mass fraction gradi-
ents at the wall are respectively

g’w _ 1 ( zlw) Pr crel
e 0[P gy Tete - ()R]
(24)
1 j;u;lw - (2)% FZ (25>

The functions F,, F,, and F, are given by

[ / °°( )P 1,]_1: 0.332 Prs (26)
F. [(2)»9 / (f">”/“ d,,] ~0332<Z) @7)
(

2%n
f" (Pr/Le) (1 -Le) / (f”)P' d"]
e 1) e |

w ¢
[" e
0
(28)
The function F, can be approximated as shown from the
Pohlhausen solution (Ref. 14). By evaluating the integral

11
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in the similar function F. for values of Pr/Le less than 0.6, the approximation
shown is accurate to within a few percent for values of Pr/Le to ', as it is also
for values of Pr/Le to 15 (Pohlhausen solution, Ref. 14). By inserting the relations
Eq. (24-27) in Eq. (18) with C = 1 (i.es, pwpw = pepe) and then correcting for C
variable by the factor (pwpe/pepte)' discussed in Section I1-D, the total heat flux
to the wall is

B 3 e\ £0.332Y £ propo )" [ c,e>
Gre = (Hio = He) (”e“e)< f”)( Pr% )(Pm:») [l T g0 \Ha

(29)

with

The heat transfer relation can be written in terms of familiar parameters for the
flow considered in which ¢ = p.p.u.rix as

qrw PelieX ‘e Prs )(Pwilvw)_o" (1 - zlw) <Cle1)
=14 30
|:<Hta - Hw) Peue] ( e ) <0332 Pelle (1 - gw) Hto X ( )

In Fig. 6, the integral F, and function x are shown for Pr = % over a range of
Lewis numbers from 0.2 to 2.0 In evaluating F, and F., the tabulated values from
the Blasius solution, fz and % as a function of 5; (Ref. 14), could be used by
replacing £, f and » by

f= @)% f"=(2)%fy andy = (2)1/2
respectively. A 5-point Gauss-Chebyshev integration procedure was used.

The importance of ionization effects is contained in the second term on the
right side of Eq. (30); for an un-ionized gas it is zero. In Fig. 1 the heat transfer
parameter from Eq. (30) is shown by the solid curves for g, =0, z,, =0 and
Pr = % over a range of Lewis numbers from 0.2 to 2.0 and free-stream ionization
energy fractions from 0 to %. Also shown in Fig. 1 by the dashed curves is the
heat transfer parameter for the conductive contribution to the total heat flux

qcw pPelbeX Pr¥ ) Puwtw\ " _ (l _ Z,w) C"J)
=l—-—>——{=102 (31
[(H!o - Hw) Peue] < Mee ) (0332 < pp,lLe) (1 - gw) (Hfo ( )

with

1 Pr
Q :m[l + o (Le — 1)F3:|
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Fig. 6. Variation of the integral F; (Le, Pr) and function
x (Le, Pr) with Lewis number for Pr = 2/3

This contribution is essentially invariable with Lewis
number, indicating a small effect of diffusion on the tem-
perature distribution. However, this contribution is re-
duced as seen in Fig. 1 as the fraction of the total
enthalpy in the free-stream invested in thermal enthalpy
1— ¢, I/H,, decreases. The diffusive contribution, the
difference between the solid and dashed curves, increases
both with Lewis number and free-stream ionization
energy fraction; i.e., driving potential. The sum of these
contributions (solid curves) indicates the heat transfer
parameter to decrease with increasing free-stream ioniza-
tion energy fraction for Lewis numbers less than one.
This is a result of the conductive contribution decreasing
more than the diffusive contribution increases. For Lewis
numbers greater than one, the reverse is true, so that
the heat transfer parameter increases with the free-stream
ionization energy fraction. Theoretical predictions of the
Lewis number based on the ambipolar diffusion coeffi-
cient results in values less than one. These are shown in
Fig. 4 and discussed in Appendix C.

Fay and Riddell (Ref. 13), in predicting stagnation
point heat transfer from air including dissociation effects
found the ratio

qu

(qu)Le=1 (32)

" H
=1+ (Le" — )
to
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H,, is the dissociation enthalpy. In their calculations the
Prandtl number was taken equal to 0.71 and a range of
Lewis numbers from 1 to 2 was investigated. The expo-
nent nn was found to be equal to 0.63 for a frozen bound-
ary layer with a fully catalytic wall and 0.52 for an
equilibrium boundary layer. For Pr = 3% which differs
little from the value of 0.71 which was used by Fay and
Riddell for air, the predicted values of x from Eq. (29)
can be approximated within a few percent by

x~(Le"™ —1)  for02=Le=20 (33)
This close agreement is expected for Lewis numbers from
1 to 2 due to the identical form of the equations solved.
However, what is rather surprising is the validity of the
Fay and Riddell prediction for Lewis numbers less than
unity if the dissociation enthalpy is replaced by the ion-
ization energy c,I, and the group (1 — 2zu)/(1 — gw)
included as in Eq. (30).

B. Solution for Local Equilibrivm

Unlike the case where the diffusion rate was assumed
large compared to the net production rate of ions, an
analytic solution of Eq. (23) for the enthalpy gradient
at the wall is not possible since the dependence of A on g
through the ion mass fraction makes the equation non-
linear. To indicate the variation of A values are shown
in Fig. 5 for argon at a pressure of 0.1 atm over a tem-
perature range of 350 to 12,000°K. The values of A were
calculated by using the values of ¢, also shown in the
figure (i.e., the requirement that ¢ << 1 was not made
because of the large variation of A with temperature),
and the ion mass fraction was obtained from the equi-
librium relation Eq. (A-4). Thus, it is necessary to resort
to a numerical solution for a particular monatomic gas
and this involves either the specification of the wall or
free-stream conditions in addition to g, and z,.

A few numerical calculations have been made for ar-
gon. For a wall temperature of 350°K and a pressure
of 0.1 atm, solutions were obtained for free-stream tem-
peratures of 8000, 10,000, and 12,000°K for which the
free-stream ionization energy fraction was 0.043, 0.307,
and 0.614, respectively. These solutions for Pr = % that
span a range of Lewis numbers from 0.2 to 2.0 were
obtained by solving Eq. (23) numerically with a fourth-
order Runge-Kutta method on an IBM 7094 computer
with f known from the Blasius solution (Ref. 14).

For local equilibrium the predicted total heat flux is

due only to conduction since at the cold wall the diffusive
energy flux is zero. Thus, the heat flux to the wall from

13
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Eq. (18) with C =1 (i.e., pupw = pepe) and then correct-
ing for C variable by the factor (pupo/pepe)™ discussed in
Section II-D is

! e wihw 01 ] :v 2)%
Gro = (Hio = Ha) )| 7] (222) " 5, [ L2

(34)

Values of [g./(2)%¢] /(1 — g.) are shown in Table 1.

C. Comparison of Predictions

A comparison of the limiting cases, the diffusion rate
assumed large compared to the net ion production rate
and local equilibrium assumed, is shown for argon in

Fig. 7 for some of the conditions at which the equilibrium
solution was obtained. The difference between the pre-
dictions is small. Although the solutions in which local
equilibrium was assumed were restricted to argon at a
pressure of 0.1 atm and a wall temperature of 350°K,
the close agreement for the few calculations made sug-
gest that one relation, namely Eq. (30) because of its
analytical form, is adequate to predict heat transfer.

Of note is that for the local equilibrium solution the
corresponding equilibrium relation to Eq. (A-4) and thus,
the energy equation to Eq. (23) for a partially dissociated
distomic gas are different. However, it turns out that for
a partially ionized monatomic gas the difference between
the limiting cases considered is small and exhibits the
same trend as that found for a partially dissociated dia-
tomic gas.
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Fig. 7. Comparison of the limiting cases for argon at a pressure of
0.1 atm, wall temperature of 350°K and Pr = 2/3
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' 1(2)%
Table 1. Values of M—

™ Yw

for local equilibrium of argon at a pressure of 0.1 atm,

350°K wall temperature, and Pr = 2/3

I;(' —:,"—' G le = 0.25 le = 0.6 le = 1.0 e =14 le = 2.0
8,000 0.043 0.0417 0.2850 0.2862 0.2876 0.2891 0.2910
10,000 0.307 0.0228 0.2552 0.2710 0.2876 0.3033 0.3255
12,000 0.614 0.00835 0.1936 0.2404 0.2876 0.3304 0.3885

IV. HEAT TRANSFER PREDICTION WITH VARIABLE FREE-STREAM VELOCITY

Having investigated the importance of ionization ef-
fects on the total heat flux in the previous section, the
usefulness of that analysis in predicting heat transfer to
an arbitrary surface is now considered. For an un-ionized
perfect gas, Requirements 1-9 in Section II are reduced
to those discussed by Back and Witte (Ref. 10), for which
application of similarity solutions on a local basis to pre-
dict the conductive heat transfer to arbitrary surfaces is
a reasonable approximation. This simplification is pos-
sible since the dimensionless enthalpy gradient at the
wall g/, to which the heat flux is related, does not vary
appreciably with the free-stream velocity gradient pa-
rameter § for accelerated flows over highly cooled walls.
The prediction from Back and Witte (Ref. 10) for an un-

In this expression the length ¥ was introduced to cast
the heat transfer parameter in a familiar form

£ /"’ Pepethet?t dx
T= — L (36)

Pe#euerﬂ Pe#euerﬂ

The group g,/(1 — g») is determined from Fig 4 of
Ref. 10 for values of the free-stream velocity gradient
parameter 8 =(T,/T.) B and wall to total enthalpy ratio
go- Kemp et al. (Ref. 15) have shown that the group
gw/(1 — gw) is only slightly affected by values of u2/2H,,
ranging to %; i.e., over a substantial flow speed range,
and mainly affected by 8. The adiabatic wall enthalpy,
H,., can be calculated from a recovery factor equal to

ionized gas is
o= ) (5)
_(Haw - Hw) pelie Me

(o) () e (35)
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the % power of the Prandtl number (e.g., see Kemp et al.,
Ref. 15).

To account for ionization effects the total heat flux
might then be obtained by including the term in Eq. (30)
that contains the effect of ionization. The prediction is

Since the difference between the predictions for the ditf-
fusion rate assumed large compared to the net ion pro-
duction rate and for assumed local equilibrium was found
to be small, the use of one relation seems sufficient. Al-
though the prediction is an approximation, it nevertheless
is useful in analysis and comparison to experimental re-
sults. It also involves a minimum amount of calculation
time.

[ Grw ] (,Oeue;x_> Y - 1 < g:v
(Haw - Hw) Pelle e (2)% 1- e

JG) e[ =@ e

V. CONCLUSIONS

Guided by existing laminar boundary-layer heat-
transfer predictions from similarity solutions for a vari-
able free-stream velocity, perfect-gas flow over a highly
cooled wall, an estimate of the additional effect of ioniza-
tion on heat transfer was made for a singly-ionized mona-
tomic gas. Solutions for the limiting cases of the diffusion
rate assumed large compared to the net ion produc-
tion rate and for assumed local equilibrium indicate a
predicted reduction in the heat transfer parameter below
that for an un-ionized gas for Lewis numbers less than
unity. The magnitude of this reduction was found to
increase both with increasing free-stream ionization
energy fraction and decreasing Lewis number. Predicted

16

Lewis numbers based on the ambipolar diffusion coeffi-
cient are less than unity.

The solutions also reveal that the Fay and Riddell
stagnation-point heat transfer predictions for air includ-
ing dissociation effects are equally applicable for partially-
ionized monatomic gases even though their predictions
were made only for Lewis numbers from 1 to 2.

Finally, an approximate prediction method which ac-
counts for ionization effects in addition to free-stream
velocity gradients and highly cooled walls is suggested.
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APPENDIX A

Thermodynamic Properties

The equilibrium thermodynamic relations of an elec-
trically neutral, singly-ionized, monatomic gas with all
species at the same temperature needed in the analysis
are the equation of state and expressions for the enthalpy
and composition.

The equation of state for the mixture of atoms, ions
and electrons each assumed to behave like a perfect gas
results in Eq. (5).

From statistical mechanics the enthalpy is
5
H= 5 R(1+¢) T+ ¢l + Hee. (A-1)

The contribution H,;.. is due to electronic excitational
effects and depends on the ion mass fraction ¢, and tem-
perature. It is generally small; e.g., see Witte’s Ref. 11
discussion on values for argon, so that essentially only
ionization effects are important up to those temperatures
at which the gas can be considered singly ionized. The
enthalpy is then given by Eq. (6).

The equilibrium composition relation (Saha equation) is

q = BI:ant(E‘)Qm (M] T

1— ¢} Qint (A) P
p - [2zmat]’
h?
= 3.27 X 10~ atm °K % (A-2)

T in °K and p in atmospheres. The Q;..’s are internal
partition functions for the particles indicated and depend

on the statistical weights or degeneracies g, of the par-
ticles at different energy levels E, and temperature. A
more convenient form is to write the zero-point energy
of the particle (ionization energy) separately.

Qint (E") Qim (A+) . _I/RT
One(d) ¢

(A-3)

Eq. (A-2) can then be written in the more familiar form

2 5

T
— -I/RT -
T Be (A-4)

In particular for argon, the only significant terms in the
function ¢ as noted by Witte, Ref. 11, are

=2 (4 + 2¢-20%0/7) (A-5)

Thus, Eq. (A-4) with ¢ obtained from Eq. (A-5) consti-
tutes the equilibrium relationship between ion mass frac-
tion, pressure and temperature used in the equilibrium
solution for argon. This form requires a small amount
of additional calculation time than if the product B¢ is
evaluated at some average value over the temperature
range of interest as done in many investigations. Obser-
vation of ¢ from Eq. (A-5) for argon indicates it to in-
crease with temperature. At low temperatures, T — 0,
¢— 8, and in particular at 12,000°K, ¢ = 11.4.

17
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APPENDIX B

Derivation of Some Equations

The conductive heat flux relation Eq. (8) is obtained
directly from the enthalpy expression Eq. (6), by differ-
entiation.

The diffusive energy flux g, is obtained by expanding

qs = EPCiViHi =p (CIVIHI + cgVeHy + CAVAHA)

(B-1)

c ciV
= pC,V’(Hl + ?ﬁ’;HE + (:V: H4>

The diffusion velocity V; is taken equal to V; since the
ions and electrons are assumed to diffuse as pairs. By
using the following relations, Eq. (B-1) can be written
as Eq. (9). The enthalpies per unit mass of the species are

5
H,=—<L)T+1;

2 \m,

5/ «
HE_E(E‘) T,
S/ «
HA_E(;%:)T

From the condition that the net diffusive mass flux is zero

(B-2)

3oV =3nimV, = nm,V, + ngmgVy + nym,V, =0
(B-3)

By using the relations n, = n; (electrical neutrality),
my <<my, my=my, and V; =V, Eq. (B-3) becomes

CiV4

P (C]VI + CAVA) = 0 or C’Vl

= —1 (B-4)

Thus, inserting Eqs. (B-2) and (B-4) into Eq. (B-1) and
noting that

Cyg _ NgMy My
(o nm m,

the result is

. 5 K mg 5
qd_PC:V1[2 (mI)T‘l‘I‘*-(E E(;l;
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The gas constant R = x/m,. Inserting Fick’s law, Eq. (7)
into Eq. (B-5) gives Eq. (9).

In the local equilibrium solution in Section III, the
energy Eq. (15) for C =1, Pr=constant, and u3/2H,—> Ois

crel

[g' + (Le — 1) (E) (1+¢) zj],-i- Pr(fg) =0
(B-6)

The non-dimensionalized ion mass fraction gradient z;
can be related to g’ as follows. Since the ion mass fraction
depends on temperature and pressure, Eq. (A-4) its gradi-
ent across the boundary layer where the pressure is
constant is

o _ 90_)92
dy \oT/, %y

By combining 87T /9y obtained from differentiation of the
enthalpy relation Eq. (6) with Eq. (B-7) and solving for
dc¢; /oy there results

(B-7)

oc; 1 1 6_H_
a_y“(1+e)1[1 (3/2)R(1 + ¢;) ]ay
T O+ o1(3c,/0T),

(B-8)

Transforming from y to » by Eq. (13) and non-
dimensionalizing ¢, and H in Eq. (B-8) the energy
Eq. (B-6) then becomes Eq. (15) for low speed flow
(g = H,/H,, = H/H,) with

1
*:H 5/2)R( + )
docy
1+ e) 1(—87) ,, (B9)
5
2 RT
5/ ; )
_2(x = eV 1+2— )1
B 2<mA>T] ¥ ( I (B-5)




To evaluate (dc,/0T), the equilibrium relation Eq. (A-4)
is used and the result is

o\ a(l—cd) 1
<6T>,, T T T " 3%RT (L+e+v) (B-10)
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The contribution of the degeneracies of the species at
different energy levels is v = RT/I[(T/¢) (d¢/dT)]. 1t
turns out that this contribution for argon with d¢/dT
obtained from Eq. (A-5) is negligible; i.e., v < < 1 for
temperatures up to 15,000°K. Thus, X is given by Eq. (23).

APPENDIX C

Transport Properties

To determine the variation of the Prandtl and Lewis
numbers as well as C = pu/pepe with temperature and
pressure, a knowledge of the thermal conductivity, vis-
cosity and ambipolar diffusion coefficient is needed. Until
that time when experimental measurements of these
properties for monatomic gases extend into the region
where ionization effects become important, use of ana-
lytical methods is required. Two such methods are con-
sidered briefly to illustrate the effects. In one method
the Chapman-Enskog theory (Ref. 16) is used and the
other is an approximate mixture rule proposed by Fay
(Ref. 17) from a simple kinetic theory development. The
latter method offers the advantage of visualizing the pre-
dicted trends and can possibly provide a method of cal-
culating the transport properties for those monatomic
bases for which rigorous predictions from the Chapman-
Enskog theory have not been made. It is described
briefly.

From the mixture rule of Fay the thermal conductivity
and viscosity are given by

Xik;
k — v _
23%,Gy, (G-1)
i
< Xips
e ; 3X;Gij (C2)
i

where

G = (2 \* Qi
R m; + m; Qii

In these expressions X;, k; and y; are the mole fraction,
thermal conductivity and viscosity of the pure component
i. The binary diffusion coefficient, thermal conductivity
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and viscosity for the monatomic component i are related
to the rigid elastic sphere cross-section Q;; by

3 11 [2e(mitm) 4
Pi=1g (ni +n;) Qi |: mim; KT] (€3

75 « (=xT\%

ki = 64 0. <——mi ) (C-4)
5 1

TR (mem; T')% (C-5)

In Ref. 2 Fay and Kemp! give the following form of the
mixture rule which essentially weighs the contributions
from the atomic gas k,, and a singly, completely ionized
gas, k.

k,
() (6
k.

() () ) (@)

k =

+

(C-6)

Because of the large mass of the ions compared to the
electrons the contribution of the ions to the thermal con-
ductivity is negligible. If the viscosity of the mixture is
calculated from the mixture rule in a similar manner the
result is

_ Mea

()8
()@

The contribution of the electrons to the viscosity is neg-
ligible due to their small mass. Similar to the thermal
conductivity, the viscosity of the atomic and singly, com-
pletely ionized gas is denoted by w4 and w,, respectively.

(C-7)

In Eq. (3.18) for Ref. 2 the ratio mz/m. should be corrected to
(mez/ma)*% as it appears in Avco-Everett Research Laboratory Re-
port No. 166, March 1963.
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For atomic argon experimental measurements of thermal
conductivity and viscosity are shown in Fig. 2 and 3 along
with power law approximations of Amdur and Mason’s
values (Ref. 18)

(C-8)
(C9)

(ki) 4r =58 X107 T% cal/sec-cm-°K
(p4) 4r = 31 X 10 T% gm/cm-sec

T is in °K. From experimental end wall heat transfer
measurements in a shock tube for atomic argon, before
the ionization relaxation time, Camac and Feinberg
(Ref. 19) found k,aT? up to about 75,000°K.

For a singly, completely ionized gas mixture of ions
and electrons Chapman (Ref. 20) has calculated the first
approximation of u, and k, according to the Chapman-
Enskog theory for inverse square-law interaction. The
electronic contribution to the viscosity is negligible com-
pared to the ionic contribution so that g, is given by

. 5 1 mu T\ / 2«T \*
v=3(xw) () (5) )
with
A@ =2 +) - 2
2( )_ n( "01) 1 + v';:,
For argon the viscosity is
9%
(us)ar = 4.8 X 107 A Q) gm/cm-sec  (C-11)

In the above relations and in subsequent ones, e is the
electronic charge, T in °K and n; in electrons per cubic
centimeter are to be used with the numerical constants.
The cutoff impact,paranieter Vor 1S

4

B d \_ 4T _ T
Vo‘[ - 3 <m— - 'g‘? n;/:g‘ - 2-4 >< 10 n;/';!
(C-12)

The average distance between particles is d which was
taken as 1/ng%. The thermal conductivity can be ex-
pressed as the sum of the ionic and electronic con-
tributions

k3_<mﬁ;>'/f 1 + 1
k. \m, me\ % 15 13
() ' e

(C-13)

15 K

=~ C-14
4 (mnml)% Ms ( )

kE:
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Even though the ionic contribution is negligible com-
pared to the electronic one, k,, is reduced below the

value k; if only electrons were present by the second term
in Eq. (C-13)

15«
k, = 0.30k; = 0.30 [T o #,]

(C-15)

Chapman has estimated that by including further ap-
proximations in the Chapman-Enskog theory, the overall
increase in viscosity p, and thermal conductivity k, should
not exceed about 25% and 40%, respectively.

Another specification of the thermal conductivity is
given by Spitzer (Ref. 21, pp. 87 and 88) who modified the
thermal conductivity for a Lorentz gas so that the effec-
tive value for a singly, completely ionized gas is given by

k, =44 X 10"

A cal/sec-cm-°K  (C-16)

The Debye length I, was used in the cutoff parameter
(Ref. 21 p. 72) so that

( «T >
_ zl) _ 477"[.;@2 . " T"‘y2
AT T e~ X 10

(C-17)

For conditions such that the Debye length is smaller than
the average distance between particles, Fay and Kemp
(Ref. 2) suggest replacing A with % v,, in Eq. (C-16) when
vor = 167, i.e., for low temperature and high electron
density.

Shown in Fig. 2 and 3 are predictions of k, from
Spitzer, Eq. (C-16) and (C-17), and p, from Chapman,
Eq. (C-11) and (C-12), for argon at a pressure of 0.1 atm.
Other calculations were made, but are not shown in the
figures. Predictions from Chapman’s expression for the
thermal conductivity k, were about 50% lower than
Spitzer’s values shown in Fig. 2. Replacing the average
distance d between particles by the Debye length [; in
vo1, Eq. (C-12), resulted in predicted viscosity values p,
which were about 5 to 10% below the values shown in
Fig. 3. This small difference indicates the insensitivity of
the prediction to the cutoff parameter chosen.

In Fig. C-1 are shown predicted collision cross-sections,
ion—-atom Q,,, atom-atom ., and electron-atom Qg,
for argon along with a brief description of how they were
obtained.
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DALGARNO| 25 [ SEMI-EMPIRICAL
METHOD UP TO 5,000 °K
Gra FROM EMPIRICAL RELATION,
— —FAYAND |, Qra/4=1.44 TOI6,
0-13|- KEMP CALCULATED FROM IONIC

MOBILITY EXPERIMENTS BY [
HORNBECK AT 300 °K(Ref.33)

NBS 27 | FROM VISCOSITY VALUES
AMDURAND MASON| 18 | via Eq.C-5
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Fig. C-1. Collision cross-sections for argon

The predicted thermal conductivity from the mixture
rule is seen in Fig. 2 for argon at 0.1 atm to increase above
the atomic value at about 5,000°K due to the contribution
of the electrons; at about 15,000°K the prediction nearly
equals the completely ionized value.

As an example of a prediction from the Chapman-
Enskog theory for a partially ionized gas, Ahtye’s values
(Ref. 22) for the second-order approximation? to k are
shown in Fig. 2 for argon. Though there is close agree-
ment with Spitzer’s values at large degrees of ionization
as seen in Fig. 2 at 0.1 atm in particular, Ahtye has

*The level of approximation refers to the number of terms retained
in the expansion in Sonine polynominals of certain functions oc-
curring in the distribution functions, e.g., see Ref. 16.
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pointed out that the second-order values of the thermal
conductivity are smaller than Spitzer’s values in the singly
completely ionized limit by a factor of three. This dis-
turbing feature has apparently been reconciled by deVoto
(Ref. 23) who by going to the third-order approximation
in the Chapman-Enskog theory found agreement with
Spitzer’s values. deVoto’s transport property predictions
for argon cover a pressure range from 1-mm Hg to 2.5
atm. Unfortunately for comparison purposes herein,
deVoto did not make predictions at 0.1 atm.

In Fig. 3 the predicted viscosity exhibits the opposite
trend as the thermal conductivity; a rapid decrease below
the atomic value occurs at about 8,000°K, before it again
rises at about 16,000°K to coincide nearly with the com-
pletely ionized value. This decrease results from larger
predicted cross-sections for ion-atom collisions than for
atom-atom collisions, as seen in Fig. C-1.

The effect of higher pressures is to shift the point
at which the predicted values of thermal conductivity
and viscosity differ from the atomic values to higher
temperatures; for lower pressures, the shift is to lower tem-

peratures. The effect of pressure can be seen, for example,
in deVoto, Ref. 23, Fig. 14.

From the predicted rise in thermal conductivity and
decrease in viscosity the Prandtl number, uc,/k, is ex-
pected to decrease with temperature; this trend is shown
in Fig. 4 for argon at 0.1 atm. It is interesting to note that
for a completely ionized gas the Prandtl number pre-
dicted from Chapman’s values of y, and k, is equal to a
small value of about 0.01.

The ambipolar diffusion coeflicient is usually related to
the ion-atom diffusion coeflicient

Don = 2D4 (C-18)

Fay and Kemp (Ref. 2) found the following relation for
a two-component mixture of atoms and ion-electron pairs
by considering the momentum equation for diffusing
atoms

2

Dam - m

D, (C-19)

This reduces to Eq. (C-18) for small ion mass fractions.
The binary diffusion coefficient for rigid elastic spheres
from Eq. (C-3) then allows the calculation of the Lewis
number in conjunction with k obtained from the mixture
rule.

3 1 71 [/4mT\*

D, = 16[ a t ) |0\ ms ) (C-20)

The predicted Lewis number, pDunc,/k, as seen in
Fig. 4 for argon at 0.1 atm, is less than unity, with an
average value of about 0.25 over the temperature range
shown. This relatively low value, below that for atom—
atom diffusion, results from a decrease in the ion-atom
diffusion coefficient due to large predicted ion-atom
collision cross-sections as seen in Fig. C-1. A useful expres-
sion for the Lewis number in this regard can be obtained
by combining Egs. (C-4), (C-19 and 20) and using
¢, =5/2R (1 + ¢,) to give

8 ka/k )

Le=————~—

5 QIA/ QAA
In this form the Lewis number is seen to decrease both
as the predicted thermal conductivity of the mixture ex-
ceeds the atomic value, and for larger predicted ion—
atom than atom-atom collision cross-sections. Values of
Q14/Q4a shown in Table C-1 indicate that predicted

Lewis numbers for other monatomic gases would be in the
same range as for argon. In this connection, a private

(C-21)

Table C-1. Rigid elastic-sphere atom—atom and ion—atom collision cross-sections for monatomic gases

€From viscosity values of Amdur and Mason, Ref, 18.

T = 300°K T = 1000°K T = 5000°K

Gas Qi Qs Qi Q. Qia” Qi Qi Qus° Qi

em’ om’ Qus om’ em’ Qua cm’ o’ Qs
He 73 X107 15 X 107" 4.9 64 X 107" 12 X 107" 5.3 55 X 107 73 x10" 7.5
Ne 84 X 21 X 4.0 74 X 17 X 4.3 64 X 13 X 4.9
Ar 149 X 41 X 3.6 138 X N X 4.5 125 X 21 X 6.0
Kr 184 X 53 X 3.5 171 X 38 X 4.5 156 X 28 X 5.6
Xe 220 X 72 X 33 207 X 50 X 4.1 190 X 37 X 5.1
@From ionic mobilities, semi-empirical method of Dalgarno Ref. 25.
From viscosity volues in Handbook of Chemistry and Physics, Chemical Rubber Publishing Co., Cleveland, Ohio, 44th Ed., pp. 2264-2267, 1963.
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communication with Dr. R. Brokaw, NASA, Lewis Re-
search Center, revealed that the predicted Lewis numbers
for incipient jonization in Ref. 24 are too large by roughly
a factor of two due to neglect of charge transfer effects,
and instead they are in the same range as those indicated
herein.

The preceeding discussion indicates a rather large pre-
dicted dependence of the transport properties on gas
composition at high temperatures. Whether such large
variations for monatomic gases actually occur either in
magnitude or at the temperatures so indicated perhaps
can be decided by experimental measurements.
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NOMENCLATURE

A, (2) defined in Eq. (C-10)
¢; mass fraction of the i'® species
C dimensionless function, pu/pepe
¢, mixture specific heat at constant pressure,
Eq. (8)
d average distance between particles
D;; binary diffusion coefficient
D,, ambipolar diffusion coefficient
¢ electronic charge
f' dimensionless velocity, u/u,
F defined in Egs. (26-28)

¢ dimensionless total enthalpy, H,/H;,; g.,
gradient at wall

g, statistical weights or degeneracies of n"
energy level

Gi; defined in Eq. (C-1)
B Planck’s constant
H static enthalpy
H, stagnation enthalpy, H + u*,2
I ionization energy
k thermal conductivity
Iy Debye length, («T /47nge*)*
Le Lewis number, pD,,.C,/k
m  particle mass
M molecular weight
n  particle number density
p static pressure
Pr Prandtl number, uc,/k
q. conductive heat flux, —k 3T /oy
qa diffusive energy flux, 3pc;ViH;
qr total heat flux, q. + g4
Q.; collision cross-section
Qin: internal partition function
r body or channel radius
4R universal gas constant
R gas constant, /R/0Q7
T static temperature

u,v components of velocity parallel and normal
to wall

24

V., diffusion velocity normal to wall of i'" species
w; net production rate of i'" species
x distance along wall
X; mole fraction of i'" species
y distance normal to wall
z; dimensionless ion mass fraction, ¢, ¢,
B free-stream velocity gradient parameter,
2¢ du,
u d
1" free-stream ion concentration gradient

2‘5 dC,e
I =
parameter, ¢ dé

[~

boundary layer thickness

defined in Eq. (16)

defined in Eq. (A-5)

dimensionless coordinate normal to wall,
Eq. (13)

Boltzmann constant

defined in Eq. (23)

defined in Eq. (C-17)

viscosity

= e oo

< FE OB o> =

kinematic viscosity
vor cutoff impact parameter, Eq. (C-12)

(2

coordinate along wall, Eq. (13)
p density
v defined in Eq. (B-10)
x defined in Eq. (29)
» exponent of viscosity—temperature relation
Q defined in Eq. (31)
Subscripts
1+ atom species
aw adiabatic wall condition

e conditions at frec-stream edge of boundary
layer

=

electron species

1 ion species

reservoir condition
singly, completely ionized

8%0

wall condition
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